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Modeling of Surface Hairline-Crack Detection
in Metals Under Coatings Using an
Open-Ended Rectangular Waveguide
Christian Huber, Member, IEEE, H. Abiri, Stoyan I. Ganchev, Senior Member, IEEE,
and R. Zoughi, Senior Member, IEEE
Abstract—A surface-breaking hairline crack or a narrow slot in
a metallic specimen when scanned by an open-ended rectangular
waveguide probe influences the reflection-coefficient properties of
the incident dominant mode. Subsequent recording of a change in
the standing-wave pattern while scanning such a surface results in
what is known as the crack characteristic signal. Since microwave
signals penetrate inside dielectric materials, this methodology is
capable of detecting cracks under dielectric coatings of various electrical thicknesses as well. To electromagnetically model
the interaction of an open-ended rectangular waveguide with a
surface-breaking hairline crack under a dielectric coating, the
dielectric-coating layer is modeled as a waveguide with a large
cross section. Thus, the problem is reduced to a system of three
waveguides interacting with each other while the location of the
crack is continuously changing relative to the probing waveguide
aperture (a dynamic scanning problem). An analysis of modeling
the dielectric-coating layer as a dielectric-filled waveguide with
a large cross section is given, and its comparison with radiation
into an unbounded medium is presented. For obtaining the reflection coefficients of the dominant and higher order modes, the
electromagnetic properties of the probing waveguide—dielectriccoating layer junction and the dielectric-coating layer—crack
junction are separately analyzed. For each junction, a magneticis introduced over the common aperture.
current density
Subsequently, the junction formed by the two respective waveguide sections is separated into two systems. A numerical solution
employing the method of moments is obtained, and the properties
of the junctions are expressed by their respective generalized scattering matrices. Consequently, the generalized scattering matrix
for the total system can be evaluated. The convergence behavior
of the system is studied to determine an optimal set of basis
functions and the optimal number of higher order modes for a
fast and accurate solution. Finally, the theoretical and measured
crack characteristic signals are compared.

M

Index Terms— Method of moments, microwave inspection,
stress crack.
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I. INTRODUCTION

M

ETAL fatigue/cracking and subsequent failure results
from environmentally accelerated fracture (i.e., corrosion accelerated) as well as large stress gradients. Examples
of applications in which this type of metal failure may occur
are aircraft fuselage, turbine blades, and steel-bridge members.
Many such systems are operating even beyond their design
lifetime which requires more than the originally prescribed
inspection cycles. Cracks under coatings such as paint, rust,
composite laminates, and corrosion protective substances are
not always reliably detected using the conventional nondestructive evaluation (NDE) methods. The same applies to
cracks filled with dielectric materials such as rust, dirt, paint,
ice, and other foreign matters. Identification of the exact
location of crack tips is another important practical issue (for
prevention of crack propagation), which is not fully addressed
by conventional NDE techniques. Environmental concerns
must also be addressed when using an NDE technique (e.g.,
concerns associated with the dye-penetrant method). Removal
of surface coating to facilitate crack detection is an undesirable procedure. Furthermore, remote crack detection (i.e.,
a standoff distance between the surface under test and the
detection probe) is very desirable from a practical standpoint.
In order to reduce the cost and increase testing efficiency and
reliability, which subsequently improve the safety of metallic
structures, it is necessary to develop a highly reliable, fast, and
inexpensive NDE technique which will posses certain unique
features. These features include detection of filled and covered
cracks, remote detection, applicability to ferromagnetic and
nonferromagnetic metals, environmental compliance, safety
and ease of operation, portability, functionality in real-time
and on-site, and easy adaptability to large area testing. There
are many conventional nondestructive testing (NDT) methods
used for interrogating metal surfaces; however, each method
possesses certain limitations and disadvantages [1]. In some
environments, the technique used may not be an optimum one,
but the only one that can be applied.
In recent studies, an open-ended rectangular waveguide
probe has been used to detect and size metal surface-breaking
cracks [2]–[5]. This probe is capable of detecting surface
cracks covered with dielectric coatings and/or filled with
dielectric materials such as dirt, rust, or paint. Additionally,
it is possible to locate crack tips, which is important in the
light of preventing crack propagation [6]. A comprehensive
discussion of the capabilities of this approach and the opti-
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Fig. 1. Relative geometry of a surface crack, a dielectric-coating layer, and
the waveguide aperture (not to scale).

mization possibilities for enhanced crack-detection sensitivity
are presented in [7]. This paper presents a general model
for electromagnetically describing the interaction of an openended rectangular waveguide with a coated surface-breaking
hairline crack. A comparison between the numerical and the
experimental results is also given.
II. SYSTEM DESCRIPTION
The analysis of the electromagnetic properties of an openended rectangular waveguide radiating into a dielectric-coating
layer, together with the interaction of the radiated field with a
cracked metal surface, is a complicated analytical problem. In
addition, this is a near-field problem, and no simplifying assumptions of plane waves can be made. From the formulation
point of view, it is easier to treat the propagation of waves
from a probing waveguide through a dielectric-coating layer
onto a cracked metal surface as a system of three waveguides.
The dielectric-coating layer is represented by an oversized
waveguide (dimensions a and b ) filled with the coating
dielectric (for simulating remote detection it is filled with air),
and the crack is represented by a short-circuited waveguide
(dimensions , , and ), as shown in Fig. 1. The dielectriccoating thickness represented by the length of the oversized
waveguide section is generally small (i.e., paint thickness).
As will be seen later, the oversized waveguide representing
the coating layer is a reasonable approximation of radiation
into an unbounded medium.
A general representation of the system formed by the
three waveguides is obtained by assuming arbitrary incident
electric and magnetic fields in the probing waveguide. The
incident and reflected fields in the waveguide, the dielectriccoating layer, and the crack are expressed in terms of their
discrete orthonormal eigenfunctions with unknown complex
coefficients. Applying the equivalence principle allows the
system to be separated into three waveguide sections (two
waveguide junctions) representing the probing waveguide, the
dielectric-coating layer, and the crack [8]. The method of
moments is then applied to obtain the solution for the complex
field coefficients [9]. Subsequently, by arranging the system
of equations in a matrix form and solving for the reflection
coefficients at each of the two junctions, the generalized
scattering matrices for the two junctions can be formulated
[10]. Finally, the total generalized scattering matrix describing
the overall system is derived by applying the transmission-line

theory. The accuracy by which the electric- and magneticfield distributions anywhere in the probing waveguide, the
dielectric-coating layer, and in the crack are calculated depends
on the number of higher order modes used and on the
appropriate choice of basis functions. For analyzing these
issues, the convergence behavior of the system is studied. Once
the overall generalized scattering matrix is known, one point
on the crack characteristic signal can be evaluated (i.e., a
specific location of the crack relative to the probing waveguide
aperture). Crack characteristic signal is referred to the detector
voltage variations as a function of the scanning distance, when
sensing the standing-wave voltage at a fixed location away
from the aperture [2]. Hence, a dynamic numerical evaluation
for obtaining the crack characteristic signal is performed.
III. JUNCTION A: PROBING
WAVEGUIDE–DIELECTRIC-COATING LAYER
A. Field Components
The respective fields in the probing waveguide and the
dielectric-coating layer represented by the oversized waveguide (see Fig. 1) are described by their orthonormal mode
vectors which form complete sets [11]. By normalization, the
power is divided between the modes according to the square
of their amplitudes [12].
For a general case, it is assumed that all higher order TE and
TM modes are generated at Junction . Therefore, the total
transverse electric and magnetic fields, expressed in terms of
the orthonormal mode vectors of the probing waveguide (index
), are written as
(1a)

(1b)
denotes the unit vector in the direction of propagation,
and
are complex coefficients of the incident
and
and reflected modes, respectively. Similarly, in the dielectriccoating layer side, the transverse fields can be expanded in
terms of the orthonormal modes (index ) as
(2a)

(2b)
and
are the complex coefficients of the
where
forward and backward propagating modes in the dielectriccoating layer, respectively. The propagation constant for the
probing waveguide and the dielectric-coating layer
are given by

(3)
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is now given by

(6a)

(6b)
Here,
and
are the respective coefficients of the incident modes and the modes produced by . In the dielectriccoating layer, the total transverse fields equivalent to (2) are
then given by

(7a)

(7b)

Fig. 2. The equivalent situation for the waveguide and the dielectric-coating
layer.

where
is the wavenumber of the medium filling the respective waveguide,
is the mode cutoff wavenumber, while
and
are the corresponding wavelengths. The modal
characteristic admittance
in the waveguide and in the
dielectric-coating layer is defined as
(TE modes)
(4)
(TM modes).
Forcing the boundary conditions for the transverse fields at
Junction
allows solving for all the unknown field coefficients.

with
and
as the respective coefficients of the
reflected modes and the modes produced by
. The last term
in each of the above transverse fields (6) and (7) corresponds to
the fields generated by the equivalent magnetic-current density
(i.e., at
the first two terms cancel each other).
At Junction , the tangential electric-field components
must vanish over all conducting surfaces (Area 1). Both the
tangential components of the electric and magnetic fields must
be continuous over the common aperture
(Area 2). The
continuity of the transverse electric field
across the common aperture is satisfied by the placement of an equivalent
magnetic-current density . This equivalent magnetic-current
density can be evaluated from (5) to (7) as
(8a)
and
(8b)

B. Formulating the Generalized Scattering Matrix
The system formed by the probing waveguide and the
dielectric-coating layer (i.e., an oversized waveguide) is divided into two parts using the equivalence principle. According
to the equivalence principle, the field in the probing waveguide
is identical to the exciting field plus the field produced by an
equivalent magnetic-current density , when the aperture
is replaced by a perfect conductor [8].
is defined over the
aperture
as
(5)
In the dielectric-coating layer, the total field is represented
by a component which is a result of the reflection from
the termination with a crack in a metal plate, plus the field
produced by the equivalent magnetic-current density
over
the aperture (as shown in Fig. 2). Hence, the total transverse
electric and magnetic fields in the waveguide equivalent to (1)

Similarly, the continuity of
that

across the aperture

requires

(9)
Subsequently, a numerical solution to (9) is obtained using
the method of moments [9]. The equivalent magnetic-current
density
is expanded as a complete set of
real valued
basis functions
:
(10)
are unknown complex coefficients. The number of
where
modes is chosen to be
in the probing waveguide and
in
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the dielectric-coating layer. Now, by substituting for
from
(8a) and (8b) using orthogonality of mode vectors, and by
scalarly multiplying by
and
, respectively,
and then integrating over the corresponding waveguide and
dielectric-coating apertures
and , the following equations
are obtained:
(11a)

and

are diagonal matrices whose elements are evaluated

as
(21a)
(21b)
and
when using the Galerkin’s
Note that
method.
Now it is possible to evaluate the generalized scattering
matrix
of Junction , which is described by

(11b)
(22)
where
(12a)

be the coefficient vector of the reflected modes in
Let
the probing waveguide given by

(12b)

(23a)

In order to evaluate the unknown coefficients in (9), Galerkin’s
method is applied, and after substitution for
and
from
(11), the following is obtained:

be the coefficient vector of the reflected modes
and let
in the dielectric-coating layer given by
(23b)
From (1), (2), (6), and (7) the reflected waves are given by
(24a)
(24b)

(13)

Evaluating

from (19) and (20) gives
(25)

where
Substituting for

and

from (16) and (18) evaluates to

(14a)
(26a)
(26b)

(14b)
With a matrix representation it is possible to write
(15)

and
,
Now, in order to obtain
and subsequently after substitution of (26),
expressed as

is set to zero,
and
are

(16)

(27)

(17)

(28)

(18)
The set of (13) is now written in a matrix form as
(19)

is the unity matrix. From (24) and (26), it follows
where
being zero for evaluating
and
, these
that with
submatrices are given by
(29)

where
(20a)
(20b)
(20c)

(30)
is the amplitude of the th mode due to the th
Note that
incident mode of unit amplitude.

HUBER et al.: MODELING OF SURFACE HAIRLINE-CRACK DETECTION USING OPEN-ENDED RECTANGULAR WAVEGUIDE

2053

TABLE I
COMPARISON BETWEEN RADIATING INTO AN INFINITE
HALF-SPACE AND A LARGE WAVEGUIDE SECTION

Fig. 3. Signal-flow graph of a system formed by a waveguide, a dielectric-coating layer, and a surface crack, represented in terms of its generalized
scattering matrices.

C. Representation of the Dielectric-Coating
Layer as a Waveguide Section
The dimensions of the waveguide section representing the
dielectric-coating layer have to be sufficiently larger than
those of the probing waveguide to approximate an infinite
(in the transverse directions) dielectric-coating layer [13]. To
check for the validity of this approximation, the reflection
coefficient at the probing waveguide aperture is evaluated
at a frequency of 24 GHz. The larger waveguide section
is filled with different dielectrics such as air (simulating a
lift-off or remote detection), paint, and a carbon-black loadeddielectric composite. The results are compared with those for
a waveguide radiating into an infinite half-space of the same
dielectrics, as obtained by Lewin and by Ganchev et al. (see
Table I) [14], [15]. It can be seen that for a lossless dielectric
(air) the relative difference in the reflection coefficient (both its
magnitude,
and phase ) of the dominant mode is relatively
large. However, for lossy dielectrics the difference is smaller.
Hence, the assumption of modeling the dielectric-coating layer
as a waveguide with large cross section is deemed valid,
and the total system formed by the probing waveguide, the
dielectric-coating layer, and the crack can now be evaluated.
A closer approximation of radiating into an infinite halfspace could be achieved by choosing larger dimensions for
the waveguide section representing the dielectric-coating layer.
However, the number of modes in the dielectric-coating layer
then has to be increased to reach convergence (as will be seen
later). The computer resources for the results shown here are
a Pentium-based PC with 64 Mbytes of RAM. The results of
Table I also indicate that the theoretical results for low-loss
dielectric-coating layers, and when using remote detection,
will somewhat deviate from the measurement results.
IV. JUNCTION B: DIELECTRIC-COATING LAYER CRACK
The evaluation of the generalized scattering matrix for
Junction , formed by the dielectric-coating layer and the
crack, is identical to the one for the exposed crack [16].
Here, the dielectric-coating layer, represented as an oversized
waveguide section, is the waveguide producing the fields
incident on the crack. Due to the physical dimensions of
the dielectric-coating layer, its
mode, as well as other
higher order modes, are propagating modes. Additionally, for
the thickness of the dielectric-coating layer being very small,
other higher order evanescent modes will be incident on the
crack aperture. However, the formulation of the generalized
scattering matrix as derived for Junction can be applied in a

similar fashion for Junction . Hence, when taking the proper
dimensions into account, it is possible to write the generalized
scattering matrix for Junction
in matrix form as
(31)
V. THE TOTAL SYSTEM
When bringing the two individually derived generalized
scattering matrices for Junctions and together, the output
port of Junction is shifted by the thickness of the dielectriccoating layer . Hence, the generalized scattering matrix for
Junction
is transformed to
(32)
is a diagonal matrix with diagonal submatrices.
where
Each submatrix represents the shift of the reference plane
for that port. As the input port is not shifted, that submatrix
is the identity matrix. The diagonal elements of output-port
submatrix are calculated as
(33)
Hence,

can be written as
(34)

Therefore, it readily follows that the elements of the generalized scattering matrix
are evaluated as
(35)
(36)
(37)
(38)
The signal-flow graph of the combined junctions, where
Junction and the dielectric-coating layer are represented as a
two-port device, and Junction and the crack are represented
as a one-port device, is shown in Fig. 3. It immediately follows
that the total generalized scattering matrix for the system can
be evaluated as
(39)
In order to calculate the crack characteristic signal for
covered cracks, it is necessary to evaluate the generalized
scattering matrix
(reflection coefficient of the dominant
mode and each of the higher order modes) for different
positions of the crack relative to the waveguide aperture.
Once the reflection coefficient of the incident dominant
mode is known, the shift in the standing wave in the probing
waveguide can be evaluated. Subsequently, the detector diode
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Fig. 4. Convergence plane for a long crack with a width of 0.84 mm and
a depth of 1.53 mm, covered with a 1-mm-thick dielectric, such as paint
("r = 3:0
j 0:2), at the relative coordinates (x = 0 mm, y = 0:8 mm).

0

0

output voltage (probing the standing wave in the probing
waveguide) for the dominant mode detection technique can
be computed to obtain the crack characteristic signal [2].
VI. CONVERGENCE
The convergence behavior of this moment-solution approach
is fully investigated and described in [16]. The first step
is to choose a complete set of basis functions describing
the initially unknown equivalent magnetic-current density .
In order to obtain a relatively fast convergence, the basis
functions for the two junctions are chosen to be similar to
the orthonormal mode vectors of the transverse magnetic
fields. For fast convergence, the number of basis functions
should be optimally chosen. Since the aperture opening of
the two junctions is not changing (the cross section of the
waveguide and the crack), the number of the basis functions
may be kept relatively small. The following practical criteria
has been established for the appropriate maximal number of
basis functions in -direction:
and , and -direction:
and :
mm
mm.

(40)

The operator ( ) means rounding off to the larger integer.
For low-loss dielectrics, this number should be increased
further.
The next step is to obtain a criteria for the optimal number of
modes in the probing waveguide, the dielectric-coating layer,
and the crack. This number depends on the dimensions of the
three transmission lines and the dielectric properties of the
coating layer. For the probing waveguide and the crack, the
number of modes is the same as the number of basis functions.
All of the modes up to these indexes should be considered, and
degenerate modes should be included separately [17]. To find
the optimal number of modes in the dielectric-coating layer,
the typical convergence behavior is studied for an increasing
number of modes. The result for a crack/slot with a width of
0.84 mm and a depth of 1.53 mm at the relative coordinates

(
mm,
mm) is given in Fig. 4. The crack is
covered with a 1-mm-thick dielectric-coating layer with
(similar to the dielectric constant of common paint).
The results indicate that a relatively small number of modes
(80) are needed to reach convergence when the crack is at
the edge (i.e., the crack just entering the waveguide aperture).
For the exposed crack, over 200 modes were necessary for
this geometry [16]. The significant reduction in the number
of modes necessary for the calculations is due to the already
mentioned fact that for both Junctions and , the waveguide
and the crack apertures are fully within the aperture of the
dielectric-coating layer. A study of the convergence behavior
for the crack at different relative positions with respect to
the waveguide aperture has shown that the maximal indexes
and
of the desired number of
and
modes in the dielectric-coating layer are given by
a
b

a

(41a)
b

(41b)

) means taking the larger of the two integers.
The operator (
It has to be noted that the number of modes in the dielectriccoating layer has to be chosen equal for the two separate
evaluations of Junction
and Junction , as the system is
combined in the final step of evaluating
.
VII. RESULTS
As explained earlier, an important advantage of this microwave methodology is evident when it is used for detecting
surface cracks under dielectric coatings. It must be noted that
dielectric coatings such as paint and corrosion preventative
substances may have various thicknesses, although they are
generally not very thick. Therefore, it is important to establish
the potentials and limitations of this microwave approach
as a function of the electrical thickness of the dielectric
coating covering a crack. In this section, the theoretical and
experimental results (at a frequency of 24 GHz) on slots/cracks
covered with thin sheets of wrapping paper are discussed.
Wrapping paper has similar dielectric properties as common
paint. Furthermore, wrapping paper (with uniform thickness
of 0.04 mm) may easily be stacked on top of each other to
provide for various thicknesses.
A. Covered Crack Detection and Comparison
with Exposed Cracks
A slot with a width of 0.51 mm and a depth of 2 mm
was covered with four (0.16 mm) and 24 (0.96 mm) sheets
of wrapping paper, respectively, and its crack characteristic
signal was calculated and measured at a frequency of 24 GHz
(Fig. 5). For comparison purposes, the crack characteristic
signal for the exposed crack (i.e., flush) is also presented.
There are several features concerning the results which are
worth mentioning. With a dielectric coating, the overall level
of the recorded signal decreases compared to the exposed case.
This is primarily due to the fact that the standing-wave pattern
inside the waveguide is different when it is terminated by a
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cracks, since the possibility of jumping over the transitions
in the crack characteristic signal is low, particularly for
cracks whose depth is such that the middle-signal level and
the signal level when the crack is outside the aperture are
similar. Even for exposed cracks, it may be advantageous to
use a dielectric coating in front of the waveguide aperture to
decrease the possibility of missing the sharp transitions in the
crack characteristic signal.
As the thickness of the coating increases, the crack characteristic signal shows less variation in its overall shape, making
the detection of the crack more difficult. This is also true as
the loss factor of the dielectric coating increases. Since the
standing wave inside the waveguide is formed as a result of the
interference between the reflected wave and the incident wave,
it is reasonable to assume that an increase in the incident signal
power will increase the reflected signal power. Consequently,
cracks covered with thicker coatings have been detected [7].
B. Remote Crack Detection (Lift-off)

(b)
Fig. 5. Crack characteristic signals for a crack with a width of 0.51 mm and
a depth of 2 mm at flush, and covered with four and 24 layers of wrapping
paper (coating thickness of 0.16 and 1 mm, respectively) at a frequency of
24 GHz. (a) Calculated. (b) Measured.

conductor (i.e., flush) and when it is terminated by a dielectric
covered conductor. Hence, the dynamic range of the crack
characteristic signal decreases as shown. Furthermore, there
will be a shift in the standing-wave pattern (compared to the
case with no coating, i.e., flush) which in turn puts the fixed
diode location at a different position on the standing-wave
pattern. The incident signal is also attenuated by the twoway travel in the coating (although this attenuation may be
small), contributing to a decreased signal level when detecting
covered cracks. When the crack/slot is covered with 24 sheets
(0.96 mm) of the wrapping paper, the dynamic range of the
detected voltage for this crack characteristic signal is still
large enough, indicating that many more layers of wrapping
paper may cover this crack, and it will still be detectable.
Coating thicknesses of greater than a couple of millimeters is
considered unusually thick for paint and corrosion preventative
substances. Thus, the results indicate the cracks under such
thick coatings may be detected using this microwave method.
Furthermore, the distance between the two sharp transitions
increases due to the dielectric coating (Fig. 5). This is due to
the fact that the incident microwave signal is able to interact
with the crack edges (i.e., the aperture sees the crack edge)
before it comes over it, unlike the flush case. Furthermore,
the sharpness associated with the transitions degrades as a
result of the dielectric coating. This is an important feature
associated with covered cracks. This means, in practice, one
may not need a fine resolution scanner for detecting covered

Lift-off (standoff distance) between the waveguide aperture
and the surface of a specimen is an important practical
parameter. Remote crack detection requires incorporating a
lift-off between the waveguide probe and the surface under
examination. Lift-off could be viewed in three ways:
1) finite thickness of air which may be present in most
measurements or may be required (noncontact or remote
measurements);
2) finite thickness of air which may be used for crackdetection optimization if its presence enhances crack
detection;
3) finite thickness of a dielectric with dielectric properties
equal to those of free-space (i.e., covered crack case).
Therefore, it is important to study the effect of lift-off on
the crack characteristic signals. Fig. 6 shows the normalized
calculated and measured crack characteristic signals recorded
at a frequency of 24 GHz, for a crack with a width of 0.51
mm and a depth of 3 mm at flush (contact) and at a liftoff of 1 mm, respectively. Again, with a lift-off, the distance
between the two sharp transitions in the crack characteristic
signal increases (similar to covered cracks). Also, the level of
the crack characteristic signals and their variations within the
scanned distance reduce remarkably. This may be interpreted
as the sensor (waveguide aperture) not being sensitive to
the presence of the slot beyond a certain lift-off distance.
However, it may be concluded that even at 1-mm lift-off
there is still considerable variations in the overall shape of
the crack characteristic signal. Therefore, the crack should
still be detected at larger lift-offs. Clearly, the sensitivity
of the detector diode plays a major role in detecting faint
signal variations. This parameter may significantly influence
the measurements.
The variations in the calculated crack characteristic signals
compared to the measured ones in Figs. 5 and 6 are mainly
attributed to the specific diode characteristics, a deviation from
the actual value of the dielectric constant for the dielectriccoating layer as used in the calculations, the number of
modes used due to the limited computer resources, as well
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there is an improvement in the dynamic range of the detected
signal (if the location of the detector diode is fixed). Thus, in
practice, a thin layer of dielectric may be introduced between
the waveguide aperture and the specimen surface to improve
detection sensitivity, particularly for fixed diode positions.
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(a)

(b)
Fig. 6. Crack characteristic signals for a crack with a width of 0.51 mm and
a depth of 3 mm at flush, and at a lift-off of 1 mm at a frequency of 24 GHz.
(a) Calculated. (b) Measured.
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